ABSTRACT. In this paper we present some results on a family of geometric flows introduced by J. P. Bourguignon in [4] that generalize the Ricci flow. For suitable values of the scalar parameter involved in these flows, we prove short time existence and provide curvature estimates. We also state some results on the associated solitons.
INTRODUCTION
In this paper we consider an n-dimensional, compact, smooth, Riemannian manifold M (without boundary) whose metric g = g(t) is evolving according to the flow equation where Ric is the Ricci tensor of the manifold, R its scalar curvature and ρ is a real constant. This family of geometric flows contains, as a special case, the Ricci flow, setting ρ = 0. Moreover, by a suitable rescaling in time, when ρ is nonpositive, they can be seen as an interpolation between the Ricci flow and the Yamabe flow (see [5, 26, 29] , for instance), obtained as a limit when ρ → −∞. It should be noticed that for special values of the constant ρ the tensor Ric − ρRg appearing on the right hand side of the evolution equation is of special interest, in particular,
• ρ = 1/2, the Einstein tensor Ric − • ρ = 0, the Ricci tensor Ric.
In dimension two, the first three tensors are zero hence the flow is static, and in higher dimension the values of ρ are strictly ordered as above, in descending order.
Apart these special values of ρ, for which we will call the associated flows as the name of the corresponding tensor, in general we will refer to the evolution equation defined by the PDE system (1.1) as the Ricci-Bourguignon flow (or shortly RB flow).
The study of these flows was proposed by Jean-Pierre Bourguignon in [4, Question 3.24], building on some unpublished work of Lichnerowicz in the sixties and a paper of Aubin [1] . In 2003, Fischer [16] studied a conformal version of this problem where the scalar curvature is constrained along the flow. In 2011, Lu, Qing and Zheng [23] also proved some results on the conformal Ricci-Bourguignon flow. Some results concerning solitons of the Ricci-Bourguignon flow (called gradient ρ-Einstein solitons) can be found in [8, 9] .
We will see in the next section that when ρ is larger than 1/2(n − 1) the principal symbol of the operator in the right hand side of the second order quasilinear parabolic PDE (1.1) has negative eigenvalues, not allowing even a short time existence result for the flow for general initial data (manifold M and initial metric g 0 ). On the contrary, the main task of Section 2 will be to show that for any ρ < 1/2(n − 1), every initial compact Riemannian manifold (M, g 0 ) has a unique smooth solution g(t) solving the flow equation (1.1), with g(0) = g 0 , at least in a positive time interval.
However, the problem of knowing whether the "critical" Schouten flow    ∂ ∂t g = −2 Ric + R n − 1 g g(0) = g 0 (1.2) when ρ = 1/2(n − 1), admits or not a short time solution for general initial manifolds and metrics remains open, when n ≥ 3.
We will see that if ρ ≤ 1/2(n − 1), the principal symbol of the elliptic operator is nonnegative definite and it actually contains some zero eigenvalues due to the diffeomorphism invariance of the geometric flow. When ρ < 1/2(n−1), these zero eigenvalues are the only ones, all the others are actually positive, hence, they can be dealt (as it is customary by now) by means of the so-called DeTurck's trick [13, 14] . In the case of the Schouten flow ρ = 1/2(n − 1) instead, the principal symbol contains an extra zero eigenvalue besides the ones due to the diffeomorphism invariance, preventing this argument to be sufficient to conclude and to give a general short time existence result. We mention that the presence of this extra zero eigenvalue should be expected, as the Cotton tensor, which is obtained from the Schouten tensor as follows
satisfies the following invariance under the conformal change of metric g = e 2u g, e 3u C ijk = C ijk + (n − 2)W ijkl ∇ l u see [7, Equation 3 .35]. Recently, Delay [12] , following the work of Fischer and Marsden, gave some evidence on the fact that the DeTurck's trick should fail for the Schouten tensor.
In Section 3, we will compute the evolution equations for the curvature. In Section 4, by means of the maximum principle, we derive, from the evolution of the curvature, some conditions on the curvature which are preserved by the RB flow. In particular, we show that the Hamilton-Ivey estimate in dimension three holds true.
In Section 5, we establish some a priori estimates on the Riemann tensor and prove that, if a compact solution of the flow exists up to a finite maximal time T , then the Riemann tensor is unbounded when approaching to T .
Finally, in the last section we discuss the structure and the classification of the solitons of the RB flow. and we will denote with dµ g the canonical volume measure associated to the metric g. In a local coordinate system the components of the (3, 1)-Riemann curvature tensor are given by R 
The Ricci tensor is obtained as the contraction R ik = g jl R ijkl and R = g ik R ik will denote the scalar curvature.
The so-called Weyl tensor is then defined by the decomposition formula (see [17, Chapter 3, Section K]) of the Riemann tensor in dimension n ≥ 3,
The tensor W satisfies all the symmetries of the curvature tensor and all its traces with the metric are zero, as it can be easily seen from the above formula. In dimension three, W is identically zero for every Riemannian manifold (M, g), and it becomes relevant instead when n ≥ 4 since it vanishes if and only if (M, g) is locally conformally flat. This latter condition means that around every point p ∈ M there is a conformal deformation g ij = e f g ij of the original metric g, such that the new metric is flat, namely, the Riemann tensor associated to g is zero in U p (here f : U p → R is a smooth function defined in a open neighborhood U p of p).
SHORT TIME EXISTENCE
Theorem 2.1. Let ρ < 1/2(n − 1). Then, the evolution equation (1.1) has a unique solution for a positive time interval on any smooth, n-dimensional, compact Riemannian manifold M (without boundary) for any initial metric g 0 .
Proof. We first compute the linearized operator DL g 0 of the operator L = −2(Ric − ρRg) at a metric g 0 . The Ricci tensor and the scalar curvature have the following linearizations, see [2, Theorem 1.174] or [27] , where we use the metric g 0 to lower and raise indices and to take traces,
here LOT stands for lower order terms. Then, the linearization of L at g 0 is given by
for every bilinear form h ∈ Γ(S 2 M). Now, we obtain the principal symbol of the linearized operator in the direction of an arbitrary cotangent vector ξ by replacing each covariant derivative ∇ α , appearing in the higher order terms, with the corresponding component ξ α ,
As usual, since the symbol is homogeneous we can assume that |ξ| g 0 = 1 and we perform all the computations in an orthonormal basis
Hence, we obtain,
that can be represented, in the coordinates system (h 11 , h 22 , . . . , h nn , h 12 , . . . , h 1n , h 23 , h 24 , . . . , h n−1,n )
for any h ∈ Γ(S 2 M), by the following matrix
We can see that there are at least n null eigenvalues, as it should be expected by the diffeomorphisms invariance of the operator L, and (n − 1)(n − 2)/2 eigenvalues equal to 1. The remaining n − 1 eigenvalues can be computed by the following lemma which is easily proved by induction on the dimension of A.
Then, there holds
Using this lemma, we conclude that the eigenvalues of the principal symbol of DL g 0 are 0 with multiplicity n, 1 with multiplicity (n+1)(n−2) 2 and 1 −2(n−1)ρ with multiplicity 1.
Now we apply the so-called DeTurck's trick [13, 14] to show that the RB flow is equivalent to a Cauchy problem for a strictly parabolic operator, modulo the action of the diffeomorphism group of M.
2) where g 0 is a fixed Riemannian metric on M and g jk 0 are the components of the inverse matrix of g 0 . The DeTurck's trick (see [13, 14] for details) states that in order to show the smooth existence part of the theorem, we only need to check that the operator D(L − L V ) g 0 is strongly elliptic, where L V is the Lie derivative operator in the direction of V . The principal symbol of this latter operator, with the same notations used above, is well known and is given by
Then, we can easily see that the linearized DeTurck-Ricci-Bourguignon operator has principal symbol in the direction ξ, with respect to an orthonormal basis {ξ ♭ , e 2 , . . . , e n }, given by for any h ∈ Γ(S 2 M). Using Lemma 2.2 again, this matrix has n(n+1) 2 − 1 eigenvalues equals to 1 and 1 eigenvalue equal to 1 − 2(n − 1)ρ. Therefore, by the DeTurck's trick, a sufficient condition for the existence of a solution is that ρ < . The uniqueness part of the theorem is proven in the same way as for the Ricci flow (see [20] ). The RB flow is equivalent, via the one parameter group of diffeomorphisms generated by DeTurck's vector field, to the DeTurck-RB flow which is strictly parabolic. On the other hand, the one parameter group of diffeomorphisms satisfies the harmonic map flow introduced by Eells and Sampson in [15] , which is also parabolic. These two facts allow to state the uniqueness of the solution for the RB flow (see [11, Chapter 3, Section 4] for more details).
EVOLUTION OF THE CURVATURE
3.1. The evolution of curvature. As the metric tensor evolves as
it is easy to see, differentiating the identity
It follows that the canonical volume measure µ satisfies
Computing in a normal coordinates system, the evolution equation for the Christoffel symbols is given by
Proposition 3.1. Along the RB flow on a n-dimensional Riemannian manifold (M, g), the curvature tensor, the Ricci tensor and the scalar curvature satisfy the following evolution equations
where the tensor B is defined as
Proof. The following computation is analogous to the one for the Ricci flow performed by Hamilton [18] . By the first variation formula for the (4, 0)-Riemann tensor (see [2, Theorem 1.174]
Plugging it in the evolution equation, we obtain
which is formula (3.2) once written in coordinates. Here the symbol denotes the Kulkarni-Nomizu product of two symmetric bilinear forms p and q, defined by
for every tangent vectors fields X, Y, Z, T ∈ Γ(T M).
Taking into account the evolution equation for the inverse of the metric (3.1), contracting equation (3.2) and using again the second Bianchi identity, formula (3.3) follows (see [18] for details). Contracting again one gets the evolution equation (3.4) for the scalar curvature.
The Uhlenbeck's trick and the evolution of the curvature operator.
In this subsection we want to study the evolution equation of the curvature operator, as it was done for the Ricci flow by Hamilton in [19] . First of all, we simplify the expression of the reaction term in equation (3.2) by means of the so called Uhlenbeck's trick [19] . Briefly, we will relate the curvature tensor of the evolving metric to an evolving tensor of an abstract bundle with the same symmetries of the curvature (see Proposition 3.4) and a nicer evolution equation; afterwards we will find a suitable orthonormal moving frame of (T M, g(t)) and write the evolution equation of the coordinates of the Riemann tensor with respect to this frame. The result will be a system of scalar evolution equations and no more a tensorial equation, (see [11] for more details on this method in the case of Ricci flow).
Let M, g(t) t∈[0,T ) be the solution of the RB flow with initial data g 0 and consider on the tangent bundle T M the family of endomorphisms ϕ(t) t∈[0,T ) defined by the following evolution equation
where Ric
is the endomorphism of the tangent bundle canonically associated to the Ricci tensor by raising an index.
For every point p of the manifold M, the evolution equation (3.5) represents a system of linear ODEs on the fiber T p M, therefore a unique solution exists as long as the RB flow exists. Moreover, if we let (h(t)) t∈[0,T ) be the family of bundle metrics defined by h(t) = ϕ(t) * (g(t)), where ϕ(t) satisfies system (3.5), then h(t) = g 0 for every t ∈ [0, T ).
is a bundle isometry, the pull-back via ϕ(t) of the Levi-Civita connection associated to g(t) is a connection on T M compatible with the metric g 0 . In the following, we will denote by (V, h) the vector bundle (T M, g 0 ) in order to stress out the fact that we are not considering the Levi-Civita connection associated to g 0 , but the family of timedependent connections D(t) defined via the bundle isometries ϕ(t).
The following lemma states some basic properties of these pull-back connections.
is the Levi-Civita connection of g(t). Let again D(t) be the canonical extension to the tensor powers of V and T be a covariant tensor on M. Then, for every t ∈ [0, T ) and X ∈ Γ(T M) there holds
In particular,
every connection of the family D(t) is compatible with the bundle metric
and the rough Laplacian defined by
where , is the linear extension of g to the exterior powers of T M.
In the following, we use a convention on the Lie algebra structure of Λ 2 M which is different from the original one chosen by Hamilton in [19] . More precisely, with his convention the eigenvalues of the curvature operator are twice the sectional curvatures, whereas with our convention the curvature operator has the sectional curvatures as eigenvalues. In particular, every formula differs from the corresponding one in the usual theory of the Ricci flow by a factor 2 (see also [11, Chapter 6, Section 3] for the details). We recall that R can be considered as an element of Γ(S 2 (Λ 2 M)), and the following equations hold true
where B is defined as in Proposition 3.1. For more details on the structure of the curvature operator we refer again the reader to [11, Chapter 6, Section 3].
We now consider the pull-back of the Riemann curvature tensor and the curvature operator.
Proposition 3.4. Let Piem be the pull-back of the Riemann curvature tensor via the family of bundle isometries {ϕ(t)} t∈[0,T ) . The following statements hold true:
(1) Piem has the same symmetry properties as Riem, i.e. it can be seen as an element of Γ(S 2 (Λ 2 V )) and it satisfies the first Bianchi identity; Finally, we can compute the evolution of Piem and P.
has the same eigenvalues as R(p, t). In particular, P is positive (nonnegative) definite if and only if R is positive (nonnegative)
Proposition 3.5. The tensors Piem and P satisfy respectively the following evolution equations
10)
where tr h (P(t)) = tr g(t) (R(t)) = 1 2
R(t).
Remark 3.6. On the right hand side of equation (3.9) the term ϕ * (∇ 2 R) there appears (i.e. the pull-back of the Hessian of the scalar curvature, seen as a symmetric 2-form on the tangent bundle) and it cannot be expressed in terms of the connection D(t).
Proof. Let ζ 1 , . . . , ζ 4 be sections of V ; then combining the evolution equations of the Riemann tensor (3.2) and of the bundle isometry ϕ (3.5), we obtain
where we used several identities stated above. For ζ 1 , . . . , ζ 4 belonging to a local frame we get the desired equation (3.9) . Combining the evolution equation for Piem with the formulas stated in Remark 3.3, we find the evolution equation of P.
Remark 3.7. It must be noticed that, even though for every p ∈ M and t ∈ [0, T ), the tensor P(p, t) belongs to the set of algebraic curvature operators C b (V p ), in general it does not coincide with the curvature operator of the pull-back connection D(t). In the present literature the pull-back tensor is always denoted by Riem and this abuse of notation is somehow misleading, suggesting the wrong impression that Piem(t) = ϕ(t) * (Riem g(t) ) is equal to Riem ϕ(t) * (g(t)) = Riem h , but this is not longer true for general isomorphisms of the tangent bundle (however it is true for ϕ ∈ Dif f (M)).
By the Uhlenbeck's trick the evolution equation (3.10) for P allows a simpler use of the maximum principle for tensor as the reaction term is nicer and the metric on S 2 (Λ 2 V ) is independent of time. Moreover, the subsets of S 2 (Λ 2 V ) preserved by such PDE correspond to curvature conditions preserved under the RB flow.
PRESERVED CURVATURE CONDITIONS
In this section we will use the maximum principle in various formulations in order to find curvature conditions which are preserved by the RB flow.
The scalar curvature.
We begin by considering the evolution equation for the scalar curvature (3.4), which behaves as under the Ricci flow. , the minimum of the scalar curvature is nondecreasing along the flow. In particular if
, for any n > 1, it follows that
hence, by the maximum principle, the minimum of the scalar curvature is nondecreasing along the RB flow on a compact manifold. In particular, for every α ∈ R, the condition R ≥ α is preserved. Finally, integrating the inequality
that holds almost everywhere for t ∈ [0, T ) (by the Hamilton's trick (see [21] , [24, Lemma 2.1.3])), we obtain ), actually there holds
at every point of the manifold, which implies that the scalar curvature is pointwise nondecreasing and diverges in finite time. 
Proof. As g(t)
is an ancient solution, for every t 0 < t 1 ≤ 0, we can define g(s) = g(s + t 0 ), which is a solution of the RB flow for s ∈ [0, t 1 − t 0 ]. Then, we have R min (0) = R min (t 0 ), hence, from formula (4.1)
for every s ∈ (0, t 1 − t 0 ]. In particular, we have
If R min (t 0 ) ≥ 0, by Proposition 4.1, it follows that R min (t 1 ) ≥ 0, so we can assume that R min (t 0 ) < 0, hence
for every t 1 < t 0 , and sending t 0 to −∞, we still conclude that R min (t 1 ) ≥ 0. Since this holds for every t 1 ≤ 0 the previous remark implies the result.
Maximum principle for uniformly elliptic operators.
Let M be a smooth compact manifold, g(t), t ∈ [0, T ), a family of Riemannian metrics on M and (E, h(t)) t ∈ [0, T ), be a real vector bundle on M, endowed with a (possibly time-dependent) bundle metric. Let D(t) : Γ(T M) × Γ(E) → Γ(E) be a family of linear connections on E compatible at each time with the bundle metric h(t). We have already seen in Section 3.2 how to define the second covariant derivative, using also the LeviCivita connections ∇ g(t) associated to the Riemannian metrics on M.
Definition 4.5.
We consider a second-order linear operator L on Γ(E) that lacks of its 0-th order term, hence it can be written in a local frame field
where a = a ij e i ⊗ e j ∈ Γ(S 2 (T M)) is a symmetric (0, 2)-tensor and b = b i e i is a smooth vector field. We say that L is uniformly elliptic if a is uniformly positive definite. Remark 4.6. In the previous definition, both the coefficients and the connections are in general time-dependent and we say that L is uniformly elliptic if it is so for every t ∈ [0, T ) uniformly in time.
Weinberger in [28] (M, g(t) ) is a smooth compact manifold equipped with a family of Riemannian metrics; we consider a real vector bundle E over M, equipped with a fixed bundle metric h and a family of time-dependent connections D(t) compatible at every time with h. Definition 4.7. Let S ⊂ E be a sub-bundle and denote S p = S ∩ E p for every p ∈ M. We say that S is invariant under parallel translation w.r.t. D, if for every curve γ : [0, l] → M and vector v ∈ S γ(0) , the unique parallel (w.r.t. D) section v(s) ∈ E γ(s) along γ(s) with v(0) = v is contained in S. 
Theorem 4.8 (Vectorial Maximum Principle). Let u : [0, T ) → Γ(E) be a smooth solution of the following parabolic equation
∂ ∂t u = Lu + F (u, t) , (4.3)
where L is a uniformly elliptic operator as defined in (4.2) and F : E × [0, T ) → E is a continuous map, locally Lipschitz in the E factor, which is also fiber-preserving, i.e. F (v, t) ∈
where C u(p) K p is the tangent cone of the convex set K p at u(p).
There is a further generalization of this maximum principle which allows the subset K to be time-dependent. 
For every t ∈ [0, T ), let K(t) ⊂ E be a closed sub-bundle (for the metric h), invariant under parallel translation w.r.t. D(t), convex in the fibers and such that the space-time track
The proof of this theorem, when K depends continuously on time and F does not depend on time is due to Bohm and Wilking (see [3, Th. 1.1]) . In the general case the proof can be found in [10, Chapter 10, Section 5], with the usual adaptation to the uniformly elliptic case.
As remarked before, the evolution equation (3.2) of the Riemann tensor has some mixed product of type Riem * Ric which makes difficult to understand the behavior of the reaction term. On the other hand, if we perform the Uhlenbeck's trick, the evolution equation (3.9) becomes a little nicer and can be used to understand how the RB flow affects the geometry. More precisely, we use the evolution equation (3.10) for the algebraic curvature operator P ∈ Γ(S 2 (Λ 2 V * )) to prove that the cone of nonnegative curvature operators is preserved by the RB flow. and such that the initial data g 0 has nonnegative curvature operator. Then R g(t) ≥ 0 for every t ∈ [0, T ).
Proof. We recall the evolution equation (3.10) for
where tr h (P(t)) = 1/2R(t) is half of the scalar curvature of the metric g(t). By proposition 3.4, it suffices to show that the non negativity of P is preserved by equation (3.10). We want to apply the vectorial maximum principle 4.8, therefore we must show that
is a uniformly elliptic operator on the bundle (Γ(S 2 (Λ 2 V * )), h, D(t)). As L is a linear second order operator, we compute as usual its principal symbol in the arbitrary direction ξ. In order to simplify the computations, we choose opportune frames at every point p ∈ M and time t ∈ [0, T ). Then, let {e i } i=1,...,n be an orthonormal basis of (V p , h p ) such that ξ = h p (e 1 , ·). According to the Uhlenbeck's trick (Section 3.2) and the convention on algebraic curvature operators (Section 3.2) we have that {f i = ϕ(t) p (e i )} i 1 ,...,n is an orthonormal basis of T p M with respect to g(t) p , the components of ϕ(t) p with these choices are ϕ a i = δ a i and {e i ∧ e j } i<j is an orthonormal basis of Λ 2 V p .
Hence, the principal symbol of the operator L written in these frames is
where we used that |ξ| = 1, i < j and k < l in the last passage. Now it is easy to see that the matrix representing the symbol has the following form
where we have ordered the components as follows: first the n − 1 ones of the form (1j)(1j) with j > 1, then the (n − 1)(n − 2)/2 ones of the form (ij)(ij) with 1 < i < j, and last the N(N − 1)/2 "non diagonal" ones, with N = n(n − 1)/2 and A is the matrix defined in (2.1). By lemma 2.2 the eigenvalues of the symbol are 1 with multiplicity N(N + 1)/2 − 1 and 1 − 2(n − 1)ρ with multiplicity 1, since ρ < 1/2(n − 1) the operator L is uniformly elliptic.
In the second part of the proof we consider the reaction term F (Q) = 2(Q 2 + Q # − 2ρ tr h (Q)Q). Clearly F is continuous, locally Lipschitz and fiber-preserving. Let Ω ⊂ Γ(S 2 (Λ 2 V * )) be the set of nonnegative algebraic curvature operators, where we have identified
where N = n(n − 1)/2 and λ N is the least eigenvalue of Q p . Hence Ω is clearly closed, by [10, Lemma 10.11] it is invariant under parallel translation with respect to every connection D(t) and it is convex, provided that the function Q → λ N (Q p ) is concave. We can rewrite λ N (Q p ) = inf
so it is easy to conclude, by the bilinearity of the metric h and the concavity of inf, that the function defining Ω is actually concave and so its superlevels are convex. In order to finish the proof we have to show that the ODE dQ/dt = F (Q) preserves Ω. Now, by standard facts in convex analysis, we only need to prove that
where
and the tangent cone is
Let v ∈ Λ 2 V p and {θ α } be respectively a null eigenvector of Q p and an orthonormal basis of Λ 2 V p that diagonalizes Q p . Clearly
this completes the proof.
The evolution of the Weyl tensor.
By means of the evolution equations found for the curvatures, we are also able to write the equation satisfied by the Weyl tensor along the RB flow (1.1). In [6] the authors compute the evolution equation of the Weyl tensor during the Ricci flow (see [6, Proposition 1.1]) and we use most of their computations here.
Proposition 4.11. During the RB flow of an n-dimensional Riemannian manifold (M, g) the Weyl tensor satisfies the following evolution equation
Proof. By recalling the decomposition formula for the Weyl tensor (1.3) we have
where L II is the second order term in the curvatures and L the 0-th one. We deal first with the higher order term; plugging in the evolution equations of Riem, Ric and R (Proposition 3.1) we get
Then we consider the lower order terms
where (Riem * Ric) ab = R apbq R st g ps g qt and (Ric 2 ) ab = R ap R bq g pq . Now we deal separately with every term containing the full curvature Riem, using its decomposition formula, expanding the Kulkarni-Nomizu products and then contracting again. We have that
Hence
Interchanging the index and using the symmetry properties we get
Finally the "B"-terms:
Now, adding the same type quantities for the different index permutations and using the symmetry properties of W we obtain
We are ready to complete the computation of the 0-th order term in the evolution equation, using the previous formulas (4.6), (4.7), (4.8)
Conditions preserved in dimension three.
In general dimension, it is very hard to find other curvature conditions preserved by the flow, and this is due principally to the complex structure of the reaction terms; for example in the evolution equation satisfied by the Ricci tensor (3.3), the reaction terms involve the full curvature tensor. Therefore it is easier to restrict our attention to the three-dimensional case, in which the Weyl part of the Riemann tensor vanishes and all the geometric informations are encoded in the Ricci tensor.
In the special case of dimension three, we can use also the evolution equation (3.10) of the pull-back of the curvature operator to obtain more refined conditions preserved, because we can rewrite the ODE associated to the evolution of P as a system of ODEs in the eigenvalues of P that, by Proposition 3.4, are nothing but the sectional curvatures of R. This point of view has been introduced for the Ricci flow by Hamilton in [21] and can be easily generalized to the RB flow as follows.
Lemma 4.12. If n = 3, then P p has 3 eigenvalues λ, µ, ν and the ODE fiberwise associated to equation (3.10) can be written as the following system  
(4.9)
In particular, if we assume 
, associated fiberwise to equation (3.10) , preserves the eigenvalues of Q p , that is, if Q p (0) is diagonal with respect to an orthonormal basis, Q p (t) stays diagonal with respect to the same basis and the ODE can be rewritten as the system (4.9) in the eigenvalues. To prove the last statement, we observe that
Remark 4.13. We already proved that the differential operator in the evolution equation of P is uniformly elliptic if ρ < 1/2(n − 1), that is ρ < 1/4 in dimension three. Therefore any geometric condition expressed in terms of the eigenvalues is preserved along the RB flow if the cone identified by the condition is closed, convex and preserved by the system (4.9).
By using this method, we can prove Proof.
The eigenvalues of Ric are the pairwise sums of the sectional curvatures, hence the condition is identified by the cone
The closedness is obvious; in order to see that K p is convex, we observe that the greatest eigenvalue can be characterized by λ(
is concave and this implies that its superlevels are convex. By system (4.9) we obtain
There is the stationary solution corresponding to µ(0) = 0 = ν(0). Otherwise, whenever µ(t 0 ) + ν(t 0 ) = 0 with µ(t 0 ) = 0 and ν(t 0 ) = 0,
This condition is the non negativity of P, already proved in general dimension in Proposition 4.10, identified by the cone K p = {Q p : ν(Q p ) ≥ 0}, which is convex as superlevel of a concave function. We suppose that ν(t 0 ) = 0, then
because the order between the eigenvalues is preserved and therefore
Translating in terms of eigenvalues of P, the condition means µ(Q p )+ν(
(µ(Q p ) + ν(Q p )), then the right cone is
where C(ε) =
1−2ε 2ε
∈ [1/2, +∞). The defining function is the sum of two convex function, hence its sublevels are convex. Now, for C = 1/2, that corresponds to ε = 1/3, we have λ(0) = µ(0) = ν(0) at each point of M, that is the initial metric g(0) has constant sectional curvature and this condition is preserved along the flow. For C > 1/2, we suppose λ(t 0 ) = C(µ(t 0 ) + ν(t 0 )), then d dt (λ − C(µ + ν))(t 0 ) = 2 λ 2 + µν − C(µ 2 + ν 2 + λ(µ + ν)) − 2ρ tr(Q p )(λ − C(µ + ν)) (t 0 ) = 2 C 2 (µ(t 0 ) + ν(t 0 ))
Hamilton-Ivey estimate.
A remarkable property of the three-dimensional Ricci flow is the pinching estimate, independently proved by Hamilton in [20] and Ivey in [22] , which says that positive sectional curvature dominates negative sectional curvature during the Ricci flow, that is, if the initial metric g 0 has a negative sectional curvature somewhere, the Ricci flow starting at g 0 evolves the scalar curvature towards the positive semiaxis in future times, that means that there will be a greater (in absolute value) positive sectional curvature. We have generalized the pinching estimate and some consequences for positive values of the parameter ρ. In the same notation used before, let λ ≥ µ ≥ ν be the ordered eigenvalues of the curvature operator. Proof. We want to apply the Maximum Principle for time-dependent sets theorem 4.9, hence we need to express condition (4.10) in terms of a family of closed, convex, invariant subsets of S 2 (Λ 2 V * ), where (V, h(t), D(t)) is the usual bundle isomorphism of the tangent bundle defined via Uhlenbeck's trick (Section 3.2). Moreover, by [10, Lemma 10 .11], we already know that, for any t ∈ [0, T ), the set K p (t) = Q p : tr(Q p ) ≥ − 3 1+2(1−6ρ)t and if ν(Q p ) ≤ − 1 1+2(1−6ρ)t then tr(Q p ) ≥ |ν(Q p )| log(|ν(Q p )|) + log(1 + 2(1 − 6ρ)t) − 3 defines a closed invariant subset of S 2 (Λ 2 V * ). Since, for ρ ∈ [0, 1/6), K(t) depends continuously on time, the space-time track of K(t) is closed in S 2 (Λ 2 V * ). Now we show that K p (t) is convex for every p ∈ M and t ∈ [0, T ). Following [11, Lemma 9.5], we consider the map
Clearly, we have that Q p ∈ K p (t) if and only if Φ(Q p ) ∈ A(t), where A(t) = (x, y) ∈ R 2 : y ≥ − 3 1+2(1−6ρ)t ; y ≥ −3x ; if x ≥ 1 1+2(1−6ρ)t then y ≥ x log x + log(1 + 2(1 − 6ρ)t) − 3 is a convex subset of R 2 . Then in order to show that K p (t) is convex is sufficient to show that the segment between any two algebraic operators in K p (t) is sent by the map Φ into A(t). Therefore let Q p , Q which concludes the proof of the theorem.
Long time existence.
In this section we will prove the following result. Proof. This proof follows exactly the one given by Hamilton for the Ricci flow (see [18, Section 14] . First of all we observe that, if the Riemann tensor is uniformly bounded as t → T and T < +∞, then also its L 2 -norm is uniformly bounded, because from the previous computations, for A 0 = Riem 
